Maximum Norm Stability of Difference
Approximations to the Mixed Initial
Boundary-Value Problem for the Heat Equation*

By J. M. Varah

Abstract. We consider the heat equation u; = u.,, in the quarter-plane z = 0, ¢ = 0 with
initial condition w(z,0) = f(z) and boundary condition ou(0, ) + u.(0, {) = 0. We are
concerned with the stability of difference approximations »,»*!1 = Quv,* to this problem.
Using the resolvent operator (Q — zI)™, we give sufficient conditions for consistent, one-
step explicit schemes to be stable in the maximum norm.

1. Introduction. We are considering the mixed problem for the heat equation in
one dimension:
(1a) Uy = Ugs , 220, 0=t=T

with the initial condition

u@,0) = flx), =220

and boundary condition

(1b) u:(0,t) + au(0,t) =0, 0t=T

with « a constant. It is well known that this problem is well-posed in the maximum
norm, i.e., there is a unique solution of (1a), (1b) satisfying

e, Dl = sup lute, 0] = KT, 0]l

for0 =t = T.
We are concerned with the following finite-difference approximation to this
problem: we introduce a mesh

z, = vh, v=1,2 .-

t, = nk, n=12,---,[T/k]
with N = k/h* = constant, and solve

(2a) v@h, (n + 1)k) = Qu(h, nk) , v=12---,0n=0,1, -+, [T/k]
with initial condition
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vk, 0) = [GR), v =1,2, -

where Q, = 2.7, a;E’, Ev(vh, t) = v(vh + h, t), and the {a,} are constants (a,,
a—, # 0). To specify v completely, we must give v(uh, nk) for p = 0, —1, - - -,
—7r -+ 1. This we do as follows:

l
(2b) v(uh, nk) = Z bui(h)o (jh, nk) p=0—-1,-, —r+1.
pt :

Definition. The difference approximation (2a), (2b) is stable in the maximum
norm if there exists a constant K independent of h such that forall0 £ ¢t = nk = T,

oG-, Olla = sup lo(e, O] < Kllo (-, 0]

We will give sufficient conditions for the difference approximation to be stable,
using a technique due to Kreiss which he applies to hyperbolic systems of first
order in [4]. We also analyze these conditions for a special case, and give cor-
responding sufficient conditions for stability in the case of two boundaries, z = 0
and x = 1 (strip problem).

2. Statement of the Main Theorem. We make the following assumptions about
the difference approximation (2a), (2b):

(a) Equations (2a), (2b) are consistent with (1a), (1b). That is, following
Isaacson and Keller [2, p. 515], if we denote the differential equation by Lu = 0
with boundary condition Bu = 0, and the difference equation by L;(») = 0 with
boundary condition B,(») = 0, then for all sufficiently smooth functions w(z, £), we
have |(L — Li)w(x, t)] - 0ash—0forz =2 0,0 < ¢t =< T, and |(B — By)w(0, ¢)]
—0ash—0for0 = ¢ = T. In this case these conditions reduce to:

(3) Z a; =1, Zjaf =0, ijaf = 2\

-7

and for the boundary conditions, using the homogeneity,

l
@ L= 2 bu®) _ 4 o)
B Zi=l.7bw'(h)

We assume c¢,/(0) = p — 2.1 7b,;(0) 5 0 for all u, although this is only for con-
venience. Following the technique used in [2, pp. 515-521], it is easy to show that
the solution of (2a), (2b) converges to that of (1a), (1b) as h — 0 if consistency and
stability hold.

(b) The symbol (Fourier transform) of Q., Q.(£) = D", a,e'# satisfies | Q.(§)| <
1 — dg2 for [¢] £ 7 for some d > 0;i.e., @, is a parabolic difference operator in the
sense of Widlund [6]. This guarantees that the Cauchy problem is stable in the
maximum norm. Because of (a), (b) is equivalent to assuming ch(E)I < 1 for
£ 5 0.

(¢) The coeflicients {b,;(h)} are C2(h) for 0 < h =< h,.

Let Q(h) denote the operator (2a) complete with boundary condition (2b), so
that

) v(h, nk) = (Q(r))"f(h) .
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Then we can use the Dunford integral representation for Q" (see for example,
Dunford and Schwartz [1, p. 568]):

©) v@mmo=§i[£5wy-urw4ﬂmy

e

Here T' is any path enclosing the spectrum of @Q(k). Note that we are considering
Q(h) as an operator on I, for & > 0. To use (6), we must first examine the spectrum
of @(R) in the neighborhood of the unit circle.

LemMa 1. Suppose z belongs to sp (Q(R)) and |2| = 1,2 # 1. Then z is an etgenvalue
of Q(h), and for the matriz B(z, h) giwen below, det B(z, h) = 0.

Proof. First consider such an eigenvalue z of Q(h) with eigenvector g & [,,. Then
we must have

p .
(Za,-E’—z)g,=0, y=12 .-,
gu—zb#f(h)gf=07 :“'=0;_1)"'7—r+1°
Thus ¢ has the form
0= 2 pi0)ER)
'rj§

where {7;} are the roots of f(7) = D2, a;7/ = z and the p;(») are polynomials in
v of degree one less than the multiplicity of 7;. Now, following Kreiss [4], if 7;(2) =
e, ¢ # 0, then

2| = <1-df <1,

p ..
Z afewé
-

and 7;(2) = 1 means z = 1, so there are no roots of f(7) = z of modulus one for
le] = 1,2 # 1. For |z| very large, Rouché’s theorem shows that there are r roots
r;(z) with | 7;] < 1, so, as the roots are continuous functions of 2, there are exactly
r such roots for all 2| = 1,z = 1. We call these 71, - - -, 7o

Thus the eigenvector g has r independent parameters {¢;}:” and it must satisfy
r homogeneous boundary conditions, giving the equations

B(z,h)8=0.
Thus 2 is an eigenvalue iff det B(z, k) = 0. For z such that the {r;(z)} are distinct,
we have p;(») = ¢; and

1
Bij(z, h) = Tj_H-l - ; b-i+1,k7'jk .

Moreover, for z with a multiple root 7;(z), we must have f’(r;) = 0, which is in-
dependent of z, so there are at most r + p — 1 points {2/} having multiple roots.

Now we claim that if det B(z, h) > 0, then (Q — zI)~! exists on [, ie., z &
sp (Q(h)). To see this, consider

u(@) = (@ — )7 =u() + w()

where u(z) = (Q. — 2I)~Yf (f extended to (— o, ) with same norm), and w(z) is
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the correction required to fulfill the boundary conditions. From (b), we know 7(z)
exists for |z] = 1,z 5 1. Then w(z) must satisfy

p .
(ZajE’—z)w,,=O, v=12 ---

l l
Wy — Z_;buj(h)wi = f~n = ;buf(h)ﬂi — Uy, p=0,—-1,---, —r+1.

Thus w, = D51 p;’(#)(7;(2))*, with the {p;(»)} having r independent parameters
{o;} with B(z, h)é’ = f. Thus w,(2) exists (for all f) ¢ff det B(z, k) ¢ 0 and in that
case we have

lw, (@) £ Kil| B~ (2, b))l (0()) [ (Qc — 2I) 7 o]l fll
where | 7;(z)| £ p(2) < 1, giving

1@ — 2D) 7w = (@ — 2D) [l o (K1 + K:llB™ (2, b)) - Q.E.D.

For the stability theorem, we also require the principal part @(0) of Q(h), which
is defined as the operator on I, obtained by taking b,;(0) for b,; in the operator.
Then clearly a necessary condition for stability is that @(0) have no eigenvalues
z with |z| > 1. Such a z would be an isolated point in the spectrum of @(0) with
finite multiplicity and so for small i there would be an eigenvalue z(h) of Q(k) with
2(h) — z as h — 0. Thus from (5), using the eigenfunction of z(h) as initial data, we
could obtain an unbounded sequence |v(-, T) |, as b — 0.

We also assume that the roots 7;(1) different from 1 are distinet; this is only for
convenience in the proof—changes need only be made in the matrix B(z, h) as we
shall see in the proof.

TuroreEM 1. The difference approximation (2a), (2b) s stable in the maximum
norm if the following conditions are satisfied:

(i) assumptions (a), (b), (¢) hold;

(ii) the principal part Q(0) has no eigenvalues z with |2| = 1, 2 # 1,

(iil) the matriz B satisfies ||(B(z, 0))!e = Ko/(Jz — 1])12 for |2 — 1] £ &,
[z] = 1, for some 8, > 0.

To motivate condition (iii), notice that the consistency conditions (3) imply
that there is a double root of f(r) = 2z at + = 1 for z = 1, and that these roots
look like

for z close to 1. So if we define y(2) = ((z¢ — 1)/A)}”2 by a cut along the negative real
axis from 1 to — o (Le.,if 2 = 1 4 re®, (z — 1)12 = rl2%2 —g < § £ 37), we
see that one root 71(2) is less than one in modulus and the other, 7,,1(2) is greater
than one in modulus. Then, using the consistency conditions (4),

(7) Bz, h) = " — ; bui()r’ = ¢/ (eh — y) + 0@,

where again ¢,/(h) = u — 2.1 jb,;(h). Thus for z — 1, Bu(z, 0) — 0 like (z — 1)!72
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and the simplest way for (iii) to hold is for the rest of B to be nonsingular asz — 1,
ie.

cd' (0) l
det © b = () — ;b"j(oy,-" #0.

¢L+1(0)

Moreover, this can be related to the “generalized eigenvector” condition used
by Kreissin [4]. Atz = 1, we have a double root 7 = 1, so there arer + 1 parameters
in the expression B(1, 0)é = 0 in Lemma 1 for an eigenvector of @ — I with »
conditions to be met and the first column of B zero. Now, however, the new root
74115 v+ (1)?, so the eigenvector is not necessarily in I, and the (» 4+ 1)th column
of B(1, 0) is precisely as given above: (¢¢'(0), - - -, ¢»+1(0))7. So the determinant
condition given above, which is sufficient for stability, is equivalent to @(0) not
having any generalized eigenvectors at z = 1 (generalized in the sense of polynomial
growth) except the necessary one, g, = constant, corresponding to the solution
6 =1(,0,---,0) of B¢ = 0.

3. Proof of Theorem 1. The solution to (2a), (2b) can be written as
v(wh,nk) = Y 5(vh, nk;voh) f(woh) ,

vo=1

where (vh, nk; voh) is the fundamental solution with initial condition
B(vh, 0;v0h) = 8(v,v0) =0, v Z v,

=1, V="Vy.

Thus

o€, n)lle = [1f]l - sup 2 [5Gh, nk;voh)]
v vo=

and we will show that this last term is uniformly bounded independent of » and »
forall0 = ¢t = nk < T. Of course, we only need to show this for » small enough,
since for A > hy,

oG, )l < Q" < 1QU" ™ . -

We will bound #(vh, nk; voh) using (6). For this, we need an explicit bound for
(2, vo) = (@ — 2I)~6(, ») for |z] = 1, 2 # 1. As in the proof of Lemma 1, we
write this as

U (2, v0) = Ty (2,70) + wi(2,70) ,

where %y is the Cauchy solution and ww is the correction required to fulfill the
boundary conditions.
First consider w,(z, vo). This satisfies

4 .
(ZajE]—ZI)’TL,=5(V,V0), v—vo=0,£1,£2, ---.
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From the proof of Lemma 1, we see that, apart from the points {z.,’}, %, can be
expressed as

= 21:0:'(71(2))"_"’ , v—w=12---

r+p

- Z:lci(fj(z))v_yoi V— Ve = —1,—2, Tty

where {r,(2)} are the roots of f(r) = D7, a; 7/ = z with |r,;| < 1forj < r and
|7;] > 1forj > r. Solving for the unknowns gives

7 v—yo+r—1
1 Tk 0

o= — e, =0,1,2 -
v a I; Hj;élc (Tk _ Tj) ) 0 y Ly 4y
1 4D Tkv—vo-l-r—l

— =Ty =0,-1,—-2, .
Ap k=r+1 Hj;ék (T)c —_ Tj) ! 0 ! ’

Note that asz —2,” = 1 (J]zi/| = 1), where (say) r. = nn i <k Zrorr <<
< k), even though ¢; — — ¢, — «, we have

v—vQ

(v — vo + constant)r;
Ilicis Gi— 7))
First consider %,(z, »o) forz € S; = {21z =2 1, |2 — 1| = §, |¢] £ R}. Here

we have for all roots 7;(2), |7, — 1| = constant -4/ (from consistency) and

I7;l—1| = constant - (arg (r;))? (from parabolicity—see Widlund [6, Lemma

3.1]). Thus |7;] = p(6) < 1forj < rand |7 < p(8) < 1 forj > r. Finally this

gives for z & S,,

®) %)l < lpe — )" < Ki@)n" ™',

where p(z) is a polynomial, p < p; < 1, and K is independent of 4 and ».

Now consider %,(z, »o) for z € Ss = {z:]z] = 1, |¢ — 1] < 6}. As we showed
earlier, we have 71(z) — 17, 7,,1(2) — 1%, and thus, since the other 7;(z) are bounded
away from one, we have for |z — 1| £ 6y,

lv—vol
9) (2, v0) = gi1(2) (1 ; ) 4 Ma@)p

Uy (Z, Vo) b

+ () =W, v)

where ¢1(2) is analytic where the 7,(2) are, M1(z) is bounded, and p, < 1.
Let us now examine the correction term w,(z, »o) for |z| = 1, z 5 1. From the
proof of Lemma 1, we see that apart from the exceptional points {2/},

w, (2, v0) = Zldj‘fj” = (<, d)
J=
where d satisfies B(z, h)d = t(z, »o), and
l
Bl”':T’i“_ Zbﬂj(h)fij) 1= 1)"'7T
1

w=0,—1, - —r+1.
l
by = zl: bnj(h)ﬁj(zy VO) - ’TL,,(Z, VO)
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For an exceptional point z;/ where (say) 7; = 7+, the same representation holds
with 7;” replaced by the independent solution »7;* in B and =*. We can also express
w, as follows: let s” be the solution of BTs” = «”. Then w,(z, vo) = (s?, t).

Again first consider z € S;. We know B(z, 0) is nonsingular for all |2| = 1,
z # 1, continuous in h for b = he, and continuous in z except at the {z./}. So if we
take out small circles of radius e around each 2/ &€ S; and call the remainder Sy,
we have ||B=1(z, h)|l = K2(8, €) for h < hy(8) and z € S5'. Moreover, near z,;” where
T; = 11, if we form B’(z, h) from B(z, h) by subtracting column ;7 from column k&
and dividing column & by (7, — 7;) and likewise for =, we have B’(z, h) — B(z/, h)
as z — z;’ and thus s’(z) — s”(z;’). Hence, for h =< hy(8) and e small enough, we have
1(B'(z, b)) e = K3(8, €) in S; — Sy’. So in all of Ss, using (8) and the fact that t is
bounded in S;, we have

(10) |w, (2, %0)| < K4(5) (p:(5)) "'

for all z € S;, where K;(8) is independent of h and ».

Now examine w,(z, »o) for z € S;. Here we need that the other roots r;(1),
7 # 1,r 4+ 1 are distinct; but if they are not, we merely work with B’ (g, k) as before,
and require that condition (iii) hold for B’(z, 0). We claim that B(z, &) is nonsingular
in the region S, = {z:ch? < |z — 1| £ 4, 2| = 1} for 0 < h = ho and some con-
stant ¢, if condition (iii) holds. To see this, observe that we can write B(z, h) =
B(z, 0) + H(h), where ||H(h)||o =< kih. Then in S,

|(B( 0)'H|| £ KiKi/e <1 forc > KiK; .
Thus (B(z, h))™ = (I 4+ (B(z, 0))"'H(h))"1(B(z, 0))~! exists and in fact in S,

Ko
— KoKy /e)(Je — 1)

Actually, we can prove the above with a little less: we can have

(B )7l < a

B )T S K/le =1, =17,
and
|(B(z, 0))iil = Ko/ (lz — 1))'"
for the other rows. Because of the consistency conditions (4), we have
Bu(z,0) =¢/(0)y@) +0@—1), Hu(h) = —hac,/’(0) + O(hy)
so that

(B'H)u = 0(/y), (B Hui=O0®/y"), B H)a=O0®),

and thus using a diagonal similarity transformation D = diag (y, 1, -- -, 1), we
have ||DB'HD7!|| = K'/e < 1 for ¢ large enough, implying the existence of
(B, b))

Thus w, (2, vo) exists in Sy for all ».. Now we can proceed to estimate it. From
(9) and (4), we have
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2@ /) + Kyttt — 0"

+ Lu(z,vo) (1 — )" + K/ (2)pe"

where K .(2), K,/'(2) are bounded and L (2, vo) is bounded and identically zero for
vo = I. Then from (6) we have

— = (hZ = §>Bm G h) + K@y — )

+ Lu(z, vo) (1 — )" + K/ (@)p2”

ty =

Thus
w,(z,v0) = (=, B7't)

_ _ v+vo
01 = y) (ha+ y) + Malev)
Yy o —
where D o, |Ma(z, vo)| < K/|y(2)|. Notice that here we use (iii) fully.
Now return to the fundamental solution #(vh, nk; voh). From our analysis of
%, and w,, we have

(11)

-1

o (vh, nk;voh) = i

z"('zi,, (z,ve) + w,(z,v0))dz
where T'; and T are given by

Teiz=¢"]z—1] 26

Tiiz=e"ch® < |z —1] £ 6

s=14ch%™ —n/24+00) < ¢ =< 7/2+00).

Iy

TN
N

Using (8), (9), (10), (11), we see

> | 5(h, nk;veh))

= Ki(9) + 5~ Z

2 91(2) [( — el <hL‘t_Z> (1 - y)”+”°]dz

o
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where K, is independent of h, n, and ».

Now we will estimate this integral by contour integration. Recall that ¢.(2),
defined by (9), is analytic where the roots 7:(z) are analytic. Although (9) defines
g1(z) only for |z — 1] £ 3§, 2] = 1, it is actually a well-defined analytic function in
all of [z — 1| = & except for the cut along the negative real axis, since the 7,(z) are
well-defined analytic functions there. Here we assume & is so small that there are no
exceptional points {z,/} inside [z — 1| < & except z = 1. Moreover, we assumed
for convenience that the other roots 7,(1) different from 1 were distinct; if not, we
can again modify the argument by taking definite branches of the multiple root.

In particular, we consider the paths

Ty:z
T4z

14 6¢”,6, £ 10| £ 2n/3 with |2(61)| = 1(6: = 7/2 + 0(5))
1—26(1 —cosop)e™, —1/3 < ¢ < /3.

As a function of ¥ = ((z — 1)/A)'2, the integrand is a single-valued analytic func-
tion inside and on the closed contour I'y 4+ T's + I's, with a simple pole at y = ha
(which is inside the contour if & > 0). Thus

(12) 2 Z ‘/;"1+P3+P4

Now we will bound the integrals on I'; + T'4. First note that since #(vh, nk; voh)
= (Q(h))"3(», vo) = 0 for |v — wo| > gn where ¢ = max (r, p), we need only sum over
these »o. (This also means the analysis holds only for explicit schemes.) We have

Z[ _%/ gr(ey T =" y)dz

<
vo T34+T4 T34Ty

m=1
where ¢»(2) is analytic and bounded independent of h, vyand n. On Ty, |1 — y| =
1 — (8/)\)*2 which gives
J,

On T, the integral can be expressed as follows:

/3 . 5 1/2
20 (\) 2 f_ p g2(2) (1 — 26(1 — cos ¢)e-“’)"(1 - (~)\—> a- *"’)) e d¢

>~ |residues| < 2|g:(1 + M) (1 + M)
)

(13)

qn

>

m=1

< A - max |g2(2)] -
T3
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since y = ((z — 1)/M)2 = (§/A\)2(1 — ¢=*) on this path. We can estimate this
integral following John [3, p. 119]. Let 2(¢) = 1 — 26(1 — cos ¢)e~* = ¢~/ @), de-
fined by the principal value of the logarithm. Then f(¢) is analytic for |¢| < 7/3
and for ¢ — 0, f(¢) = —logz = 8¢ + O(¢*). Then |e=/@| =< exp [—8'¢? for
|¢| = 7/3, since for |¢p| = ¢o (say), —(log |2|/¢?) = §/2 and for ¢o < |¢| = 7/3,
—(log |2])/¢? = 8" > 0, so we can take & = min (8", §/2).

Using this, we have for any ¢ > 0,

[ =2 mexin@l - [ e -onslas < K@)
e<lpl<ny/s Ty €

For [¢| = ¢ (2(¢))" = exp (—dng* + O(n¢)), and

(1 — y(¢))" = exp (—imd'd — mdy's’ + O(me"))
where 8,/ = (8/\)'2and 6y’ = 15, — §/\. Now take e = n~1% and m’ = on + 62’ m.
Then, since m = ¢n,

),

exp [—0'ne’
Ne )

< [ exp (—imas — m'eds + Ku®) [ exp [—0n’] 0ns")ig

exp [—8.ne’]

+ K1 (5) e
AR
Ks(5)

1
= (nc)'” exp (—m/ne) + 0(7)
and thus D &, | [1,| < Ky(5), independent of h, n, and ». Finally this, together
with (12) and our previous estimates, gives

> |5(h, nk;veh)| < K1) (A + M’a®)" < Kupe®”
vo

which completes the proof of Theorem 1. Also note that if « < 0, we can take ¢’ = 0,
i.e., the solution is stable for all time 7', for A small enough.

4. Stability for the 3-Point Scheme. For a general scheme with general boundary
conditions, it may be difficult to check condition (ii) of Theorem 1. However, in
special cases of practical significance, it is fairly easy. In particular, consider the
well-known 3-point scheme: a1 = a; = M, a0 =1 — 2),0 < XA < 1/2. We need a
boundary condition of the form »(0, {) = >_i{ b;(h)v(jh, t). Let us consider b;(h) =
b;(0)/g(h), g(h) = 1 4+ hg’(0) + - - -, and demand that the coefficients be chosen
so that the boundary condition agrees with that for the differential equation to as
high an order of accuracy as possible. We have, if u(z, t) is the solution to the
differential equation, .

& ck_h" 8*u(0, ¢)

hg (1) Biu 0, 1) = u(0, )9(h) — 25 =7

)

where ¢, = D1 7%;(0). Consistency requires co = 1, ¢; = —g’(0)/a, and we can
equate to zero the coefficients of A% by taking ¢?(0) = 0,¢; = 0for2 = ¢ = [.
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This gives the solution

_1) 1
7221 (1/k) = ha)
TurorREM 2. For the explicit 3-point scheme with these boundary conditions, the

operator Q(0) has no eigenvalues z with |2| = 1,z 5 1, for X small enough.
Proof. The equation det B(z, 0) = 0 is in this case a polynomial in 7:

B(z,0) = Ep—f(Tl)/—k =1- lebj(O)f".

If there is an eigenvalue z, |2| = 1,2 5 1, we must havez = 1 4+ A7 + 1/7 — 2),
for 7 some root of p(+) = 0 with |7| = 1. First of all, we claim there are no
roots of p(r) = 0 for [+ — 1| = 1 except + = 1. To see this, notice that p'(r) =
(1 — 7)* — 1)/r, which means p’(r) = — > ' (1 — r)* and thus

p(R)/(1 = 7) = ;la — Ry,

which has no roots in |+ — 1| £ 1 by the Enestrom-Kakeya theorem (Marden
[5, p. 136)).
Now let + = x -+ 7y be some root of p(r) = 0 with |7] = 1. Then

1>\< x—z) 'A(—y>
+ x+x2+y2 + My 2+

=1—N(r) + onr(r),

and ¢(r) = 2 — 2 — 2/(@% + %) > Osince |r — 1| > 1. Then |2(7)| < 1if A <
2¢(7)/(¢*(7) + r2(7)). So finally, for

2(r)

. 2¢(r)
A
Sl + e

all eigenvalues of Q(0) are less than one in modulus, except for z = 1. Q.E.D.

Similar results can be shown for special cases of higher-order approximations.
For example, it is easy to show that there are no roots = of det B(z, 0) = 0 with
|7] < 1 (and thus no eigenvalues z with |z] = 1, z 5 1) for schemes with r = 2
and the simple consistent boundary conditions D ,u(0, t) + au(0,t) = 0, D 2u(—h, t)
=0, where D u(z, t) = (u(@ + h, t) — ulz, t))/h.

5. The Strip Problem. The preceding analysis can be extended to give stability
conditions for the mixed problem with two boundaries:
Ut = Uz, O=ZLzxz=1, 0Zt=T,
(14) u(x;0)=f(x)y 0=2=1,

u(0,t) + au(0,¢) =0, wu.(1,¢) + Bu(l,t) =0, 0=t

IIA

T.

The corresponding finite-difference approximation is (with Nh = 1):
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D
vh,nk + k) = > ap@h +jh,nk), »=1,2 -, N—1

v(vh, 0) = f(vh)
(15) 1
v (uh, nk) = Z bﬂj(h)v(jh7 nk) , w=0,—-1,---, —r+1

U(Nh'l'#h;nk) = chj(h)U(Nh—jh)nk) ) p=20,1,---,p—1.
1

Both problems can be thought of as combinations of right and left half-plane
problems of the kind described in the first part of the paper. In fact we have
TrroREM 3. The finite-difference scheme (15) is stable in the maximum norm if the
conditions of Theorem 1 hold for both the left and right half-plane problems.
Proof. As before, we can express the solution of (15) as v(vh, nk) = (Q(h))*f(vh),
where Q(h) now operates on N-vectors, and thus

N-—-1
”v(') nk)”oo = ”f”oo sup Zl |T)(Vhy nk;”()h')l ’
v Vo=

and

7(vh, nk;veh) = ;—;/;z"(Q(h) — 2I)7'5 (@, vo)dz .
Let us write

Q) — 2I)7 %@, v0) = uy(2,v0) = Uy (2, v0) + 7.(2, o)

where again 7, is the Cauchy solution and 7,(z, »o) is the correction required for the
boundary conditions. Now let r, = w, + s,, where w, and s, are the right and left
half-plane eigenfunctions, so that apart from exceptional points,

T r+p

v —N
W, = Zam,sy = Zam .
1 r+1

Using the notation of Theorem 1, solving for the {s;} gives

M AW
wrw= s (G (0

where
l
Bw =18 = Dburd,  w=0, =L, —r k1, i=1,-er

l
(Er)us = Ti_N(Ti" - ;b,‘frﬂ), p=0,—1,-,—r41,
i=7‘—|—1’...’r+p
(Ez)ni=riy<7i”_ ;c,m-f’), uw=0, 1’ ceeyp— 1, 7 = 1,7

(B2)ni=7’i“"' ;Cuﬂi—j’ “=071)"'7p_ 1’ i='r+1,---,7‘+p



MAXIMUM NORM STABILITY 43

1
t, = Zb,‘jnj—ﬁp, p,=0’—1’...’.__7-_l_1

m
t#,=;CM1ﬂN—f—ﬂN+M: ”’=0717°°')p_1°

Note that if E; = E, = 0, we obtain the solutions for the separate right and left
half-plane problems.

Clearly, for | — 1| = §, the matrix inverse exists for 4 small enough since E,
and E; are very small, and indeed we have an estimate like (10) for (s, 4+ w,).
For |z — 1| < 3, the situation is more delicate as the first columns of all four ma-
trices approach zero similarly. We can write

<B1 E1>—1 3 ( (I — H)™'B,™ —B By (I — H2)~IB;‘>
Es By " \=By 'E;(I — H\)"'B,™" (I — Hy)7'By™!

where H, = By7\E,\By"'Es and Hy = By 'E1B1'E. Using the consistency conditions
1— 21 bus(h) 2
D ————-=ha+0(h)7 ;.L=0,—1,"‘,_7'+1,
w— 2.15bus(R)

1_—2? cuih) =} O (B2
wt Xl MO

we can write, using y = ((z — 1)/\)172,

BBy = gs)ere” + 0(y) , By By = qu(z)erer” + 0(y) ,

w=20,1,---,p—1,

where

1Y w) -1 N(’L@—_y)

gs(z) = (1 — y) (ha —y) ga(z) = (1 —y) Wy

Thus on the contour I'; used in the proof of Theorem 1, we had |y| = ¢’A and thus
on this path, |H(z, k)] £ Ke2' < 1 for ¢/ large enough (¢ = 1, 2). So the matrix
inverse exists on such a contour, and in fact we have

w, + 8, = 'wu(]- + gﬁ(z)) + §,,(1 + gﬁ(z)) + M3(z; VO) )

where M3(z, vo) is again harmless, W, and 3, are the corresponding solutions for the
separate right and left half-plane problems, and gs(z), gs(z) are meromorphic in y
with isolated singularities at y = ha and y = =hg. Thus we can use the same tech-
nique of contour integration to bound Zyo |5(vh, nk; voh)|, and indeed the same
contour. We merely obtain a different residue at the isolated singularities, giving

S |o@h, nk;voh)| < K-[(1 + M%) (1 + MBI < Kl 7

vo
Note also that if « = 0 and 8 = 0, the singularities are not inside the contour and
thus the bound holds for all time 7'. As the referee mentioned, in this case the under-
lying differential equation satisfies a maximum principle.
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